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We report on the first lattice calculation of the QCD phase transition using chiral fermions at
physical values of the quark masses. This calculation uses 2+1 quark flavors, spatial volumes
between (4 fm)3 and (11 fm)3 and temperatures between 139 and 196 MeV . Each temperature was
calculated using a single lattice spacing corresponding to a temporal Euclidean extent of Nt = 8.
The disconnected chiral susceptibility, χdisc shows a pronounced peak whose position and height
depend sensitively on the quark mass. We find no metastability in the region of the peak and a
peak height which does not change when a 6 fm spatial extent is increased to 11 fm. Each result is
strong evidence that the QCD “phase transition” is not first order but a continuous cross-over for
mπ = 135 MeV. The peak location determines a pseudo-critical temperature Tc = 155(1)(8) MeV.
Chiral SU(2)L×SU(2)R symmetry is fully restored above 164 MeV, but anomalous U(1)A symmetry
breaking is non-zero above Tc and vanishes as T is increased to 196 MeV.

PACS numbers: 11.15.Ha, 12.38.Gc

As the temperature of the QCD vacuum is
increased above the QCD energy scale ΛQCD =
300 MeV, asymptotic freedom implies that the
vacuum breaking of chiral symmetry must dis-
appear and the familiar chirally-asymmetric
world of massive nucleons and light pseudo-
Goldstone bosons must be replaced by an
SU(2)L × SU(2)R symmetric plasma of nearly
massless up and down quarks and gluons. Pre-
dicting, observing and characterizing this tran-
sition has been an experimental and theoretical
goal since the 1980’s. General principles are
consistent with this being either a first-order
transition for sufficiently light pion mass or a
second-order transition in the O(4) universality
class at zero pion mass with cross-over behavior
for non-zero mπ. While second order behavior

is commonly expected, first-order behavior may
be more likely if anomalous U(1)A symmetry is
partially restored at Tc resulting in an effective
UL(2)× UR(2) symmetry [1, 2].

The importance of the SU(2)L×SU(2)R chi-
ral symmetry of QCD for the phase transition
has motivated the widespread use of staggered
fermions in lattice studies of QCD thermody-
namics because this formulation possesses one
exact chiral symmetry at finite lattice spacing,
broken only by the quark mass. However, the
flavor symmetry of the staggered fermion for-
mulation is complicated showing an SUL(4) ×
SUR(4) “taste” symmetry that is broken by lat-
tice artifacts and made to resemble the physi-
cal SU(2)L × SU(2)R symmetry by taking the
square root of the Dirac determinant, a proce-
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§  The 1st study of the QCD phase transition with chirally symmetric 
lattice fermions and physical pion masses 

§  The transition is a crossover with Tχ = 155 (1) (8) MeV 
- similar to previous results using staggered fermions 

§  Anomalous U(1)A symmetry is thoroughly broken up to 
T ~ 185 MeV ~ 1.2 Tχ 

§  The disconnected chiral susceptibility peak doubles when Mπ is 
reduced from 200 to 135 MeV, in rough agreement with O(4) scaling 

§  Demanding calculations enabled by cutting edge algorithms 
(DSDR), software (CPS/BFM), and machines (LLNL BG/Q) 

Executive Summary 
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§  the QCD finite-temperature transition 

§  domain wall fermions 

§  chiral susceptibilities and chiral symmetry 

§  chiral susceptibilities and U(1)A 

§  cutoff effects 

Outline 
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The spontaneous breaking of chiral symmetry 

SU(2)L x SU(2)R à SU(2)V 

is a crucial aspect of the history and present state of our Universe 

§  studied intensely for over 30 years, experimentally and theoretically 

§  one outstanding puzzle: role of anomalous U(1)A axial symmetry 

The QCD Finite-T Transition  
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§  mq = 0: 
•  U(1)A thought to be clearly broken at Tχ 

à 4 light d.o.f. (σ, π), O(4)-class 2nd order criticality 

•  Pisarski, Wilczek (1984): 
if U(1)A breaking at Tχ is mild, have 8 light d.o.f. 
à NOT O(4)-class – SU(2)L x SU(2)R / U(2)V? 
à maybe even 1st order 

à U(1)A of fundamental importance and NOT understood 

§  mq physical: 
•  transition appears to be analytic crossover 

The QCD Finite-T Transition  
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Recent literature - I
G. Cossu et al. (2013) for JLQCD 
Disconnected meson diagrams 
vanish at temperatures above Tc

Related: Gap in the Dirac spectrum

Aoki, Fukaya, Taniguchi (2012) 
Analytic calculation (Overlap)
Dirac spectrum 𝜌(𝜆)~𝑐𝜆ଷ
Implies U(1)A anomaly invisible

Meson spatial correlators

Restored
credit: Guido Cossu, Lattice 2014 
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credit: Guido Cossu, Lattice 2014 

Recent literature - II
Bazavov et al. (2012-13)
Domain wall, several volumes
Dirac spectrum, susceptibilities
NOT restored

Ohno et al., Sharma et al. (2012-13)
Overlap on HISQ configurations
Dirac spectrum
NOT restored

Brandt et al. (2013)
Wilson improved fermions
Screening masses
NOT restored

Our previous study
Exact chiral symmetry (Overlap)

topology fixed
Only 163x8 volume
Mass dependence
No continuum limit
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§  chiral fermions expensive but essential 

§  staggered fermions: 
•  explicitly break U(1)A and 5/6 of SU(2)L x SU(2)R 

•  very costly continuum limit absolutely necessary 

§  domain wall fermions: 
•   three, degenerate pions and exact anomalous current conservation 

at finite lattice spacing (for infinite Ls) 
•  near-continuum results expected for sufficiently large Ls 
•  still need to control effects of finite a, V, and Ls 

Domain Wall Fermions 
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dimensional theory are realized through finite Feynman diagrams and therefore have their

canonical form even in the regularized theory.

A similar model can be formulated on a 2n+1 dimensional lattice with lattice spacing

a and sites labelled by z = nza. The action is given by

SD =
∑

z

ΨzK̂DΨz (7)

where the lattice Dirac operator is given by

K̂DΨz =
1

2a

2n+1
∑

µ=1

γµ(Ψz+µ̂ − Ψz−µ̂) + m(s)Ψz (8)

and µ̂ corresponds to a displacement by a in the zµ direction. For simplicity I take the

fermion mass to be a step function

m(s) = m0θ(s) ≡
sinh(aµ0)

a
θ(s) , θ(s) =

{−1, s ≤ −a
0, s = 0

+1, s ≥ +a
. (9)

Then there are two chiral zeromode solutions Ψ±
0 given by

Ψ±
0 (p⃗ , z) = eip⃗·x⃗φ±(s, p⃗ )u± (10)

where the transverse wavefunctions are given by

φ+(s, p⃗ ) = e−µ0|s|

φ−(s, p⃗ ) = (−1)nsφ+(s, p⃗ ) .
(11)

These solutions satisfy

K̂DΨ±
0 (p⃗ , z) = (i/a)γ⃗ · sin(p⃗ a)Ψ+

0 (p⃗ , z) , Γ5Ψ
±
0 = ±Ψ±

0 (12)

and, unlike the continuum example, are both normalizable and localized along the mass

defect at s = 0. For |p⃗a| ≪ 1, iγ⃗ · sin(p⃗ a)/a → i/p, the inverse propagator for a massless

mode travelling in 2n dimensions. Therefore the mode Ψ+
0 for small p⃗ corresponds to the

positive chirality state (4) found in the continuum. However, the lattice model is seen to

actually describe 22n+1 massless modes in the continuum, rather than one, corresponding

to Ψ+
0 and Ψ−

0 with p⃗ near the 22n corners of the 2n dimensional Brillouin zone. The

conventional analysis of doubler modes [2] reveals that these 22n+1 modes correspond to

4

§  Wilson, w/ chiralities separated in 5th dimension 

§  LH and RH fields localized on domain walls, xs=0 and Ls, overlap in 
bulk for finite Ls 

§  Want “Ls~∞” – expensive but manageable 

Domain Wall Fermions 

Domain Wall Fermion Operator

• Introduce extra dimension, labeled by s

Dx,s;x′,s′ = δs,s′D
∥
x,x′ + δx,x′D⊥

s,s′

• D∥
x,x′ is a Wilson Dirac operator with an opposite sign for the mass term.

D∥
x,x′ =

1

2

4
X

µ=1

h

(1−γµ)Ux,µδx+µ̂,x′ + (1+γµ)U†
x′,µδx−µ̂,x′

i

+ (M5 − 4)δx,x′

• D⊥
s,s′ couples points in fifth dimension, distinguishing left and right handed fermions

1
2

h

(1−γ5)δs+1,s′+(1+γ5)δs−1,s′−2δs,s′

i

−
mf

2

h

(1−γ5)δs,Ls−1δ0,s′+(1+γ5)δs,0δLs−1,s′

i

x

s

y

s

Σψ 2

y,z,t

x

SCIDAC JLAB 6/1/05 4
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§  Substantial cost reductions: 
 

�  Dislocation Suppressing Determinant Ratios 
(DSDR) 
�  introduce ratio of Wilson fermions 

with negative unphysical mass 
�  suppress “dislocations” - low modes due to 

O(a) effects – without freezing topology 
�  achieve target mres at reduced Ls 

 

�  Möbius Formulation 
�  generalize Shamir formulation with overall scaling 

factor 
�  improve sign function approximation 

in low-mode, residual-χSB region 
�  achieve target mres at further reduced Ls 

Domain Wall Fermions 
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additional 2X for mπ~135 MeV	
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§  Optimal probe of χSB: disconnected chiral susceptibility 

•  clearly peaked at Tχ 

•  UV divergence logarithmic and suppressed by ml
3 

χl,disc and Tχ 
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    1.  Tχ = 155 (1) (8) MeV – good agreement w/ staggered 

χl,disc and Tχ 
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    2.  643x8 results agree well w/in errors – f.v. effects are minor 
 (f.v. effects should decrease as T increases, higher stats needed but hard) 

χl,disc and Tχ 
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    3.  peak height for Mπ = 135 MeV about 2x that for Mπ = 200 MeV 
  – agrees with O(4) scaling, but not conclusive 

χl,disc and Tχ 
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    4.  Nt=12, Mπ=161 MeV HISQ looks like Nt=8, Mπ>200 MeV DWF, 
 but need continuum limits for serious comparison 

χl,disc and Tχ 
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§  pseudo-/scalar, non-/singlet susceptibilities 

More Chiral Susceptibilities 
B-1:#*2I'7'2#1$
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•  more sensitive 
than condensate 

•  probe chiral and 
U(1)A symmetries 

•  precision boost 
from random Z2 
wall source 

•  renormalized to 
MS simply using 
Zmà MS 
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Susceptibilities and  Tχ 
§  χπ -  χσ ,  χη -  χδ 

 
à  zero when chiral symmetry 
  is restored 
 
à   χη -  χδ  always near-zero 
 
à 	

 χπ -  χσ  near-zero for  
  T  > 160 MeV 
 
à 	

 very little Mπ dependence 
 
à  no significant volume  
  dependence (not shown) 
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FIG. 1. The dependence of the disconnected chiral
susceptibility on T for mπ = 135 and 200 MeV. The
mπ = 135 MeV data shows a near 2× increase over
that for mπ = 200 MeV. HISQ results for mπ =
161 MeV [7, 13] are also plotted. The errors in
the conversion of χl,disc from bare to MS values,
common to all of the DWF results, are not shown.
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FIG. 2. The time histories of ⟨qlql⟩ for four streams
at T = 154 MeV. Streams beginning with an or-
dered/disordered configuration are labeled ord/dis.
Each point averages results from 10 random sources
on 20 configurations, separated by one time unit.

χdisc to grow when the volume is increased from
323 to 643 (a contribution to χdisc from tunnel-
ing between two metastable states should have
increased by 23) provide strong evidence that
for mπ = 135 MeV, the QCD transition is not

first-order but a cross-over, a conclusion consis-
tent with previous staggered work [13, 15–17].
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FIG. 3. Two susceptibility differences are shown
that reflect the SU(2)L × SU(2)R symmetry of
QCD and our chiral fermion formulation. Below
Tc this symmetry is spontaneously broken. For
T > 164 MeV we see accurate chiral symmetry.
Here and in Fig. 4 only 323 data is shown. Little
volume dependence is seen for these differences [7]
for 163, 243 and 323 volumes and mπ = 200 MeV.
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FIG. 4. The T -dependence of the anomalous U(1)A-
breaking difference χπ−χδ, which remains non-zero
and becomes mass independent for T > 168 MeV.
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Susceptibilities and U(1)A 
§  χπ -  χδ 

 
à  near-zero when U(1)A 
  is near-restored 
 
à 	

near-zero for T  > 185 MeV, 
  well above Tχ 
 
à 	

 little Mπ dependence 
 
à  no significant volume  
  dependence (not shown) 
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FIG. 1. The dependence of the disconnected chiral
susceptibility on T for mπ = 135 and 200 MeV. The
mπ = 135 MeV data shows a near 2× increase over
that for mπ = 200 MeV. HISQ results for mπ =
161 MeV [7, 13] are also plotted. The errors in
the conversion of χl,disc from bare to MS values,
common to all of the DWF results, are not shown.
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FIG. 2. The time histories of ⟨qlql⟩ for four streams
at T = 154 MeV. Streams beginning with an or-
dered/disordered configuration are labeled ord/dis.
Each point averages results from 10 random sources
on 20 configurations, separated by one time unit.

χdisc to grow when the volume is increased from
323 to 643 (a contribution to χdisc from tunnel-
ing between two metastable states should have
increased by 23) provide strong evidence that
for mπ = 135 MeV, the QCD transition is not

first-order but a cross-over, a conclusion consis-
tent with previous staggered work [13, 15–17].

0

50

100

150

200

130 140 150 160 170 180 190 200

T (MeV)

mπ ≈ 200 MeV, (χMS
π − χMS

σ )/T 2

mπ ≈ 200 MeV, (χMS
η − χMS

δ )/T 2

mπ ≈ 135 MeV, (χMS
π − χMS

σ )/T 2

mπ ≈ 135 MeV, (χMS
η − χMS

δ )/T 2

FIG. 3. Two susceptibility differences are shown
that reflect the SU(2)L × SU(2)R symmetry of
QCD and our chiral fermion formulation. Below
Tc this symmetry is spontaneously broken. For
T > 164 MeV we see accurate chiral symmetry.
Here and in Fig. 4 only 323 data is shown. Little
volume dependence is seen for these differences [7]
for 163, 243 and 323 volumes and mπ = 200 MeV.
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FIG. 4. The T -dependence of the anomalous U(1)A-
breaking difference χπ−χδ, which remains non-zero
and becomes mass independent for T > 168 MeV.

In Fig. 3 we show the SU(2)L × SU(2)R-
breaking differences between the susceptibilities
χπ and χσ and between χδ and χη. Each pair

different mres, mq 
same χπ -  χδ 
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Axial symmetry breaking from Dirac spectra: DWF

ρ(λ→0) = a0 + a1 λ + a2 m
2 δ (λ)

χπ − χδ =∫
0

∞

dλ
4m2ρ(λ)

(m2+λ2 )2

χπ − χδ = a0 π/m + 2a1 + 2a2

T≳1.2Tc

almost the entire contribution 
to the axial symmetry breaking 
measure              comes from
near-zero modes               
for 

χπ − χδ

m
2 δ (λ)

credit: Swagato Mukherjee, XQCD 2014 
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Cutoff Effects 
§  Published results are all for Nt=8 

§  Calculation with Nt=12, Ns=64, and one temperature T~Tχ underway 
-- preliminary results are not yet available 

§  Zero-T spectrum results suggest cutoff effects of ~5% 
but quantifying cutoff effects at finite T is necessary! 

3

tion to these 13 ensembles with Nt = 8, two cal-
culations were performed at T = 0 with space-
time volume 323 × 64. These used β = 1.633
(first reported here) and β = 1.75 [5] and corre-
spond to our T = 139 MeV and T ≈ 170 MeV
when Nt = 8.
The choices of quark masses and assigned

temperatures given in Tab. I were estimated
from earlier work [5, 6]. Results from the new
zero temperature ensemble at β = 1.633, ob-
tained with the quark masses shown in Tab. I,
are summarized in Tab. II and provide a check
of these estimates. The resulting lattice spacing
and pion mass are close to our targets while the
kaon mass is lighter than expected, which may
be unimportant for the quantities studied here.
Of special interest is a comparison of the resid-
ual mass for this value of β given in Tabs. I and
II. The 1.1% discrepancy is a measure of dis-
cretization error. Likewise the comparison with
experiment of fπ and fK gives 6% and 4% er-
rors, indicating the size of discretization effects.

TABLE II. Results at β = 1.633 and T = 0 (in
lattice units and MeV) from 50 configurations sep-
arated by 10 time units. We use MΩ to determine
the scale. Also listed are the experimental values.

1/a MeV Expt.(MeV)

mπ 0.11824(49) 129.53 135
mK 0.42301(51) 463.39 495
mΩ 1.5267(55) 1672.45 1672.45

T = 1
8a 0.125 136.93

fπ 0.12640(25) 138.47 130.4
fK 0.14852(48) 162.70 156.1
mres 0.002167(16) — —

RESULTS

Our most dramatic result is the temperature-
dependent, disconnected chiral susceptibility
χdisc, plotted in Fig. 1. Three of the four lower
curves show earlier results with mπ = 200 MeV
on 163, 243 and 323 volumes. A significant de-
crease in χdisc is seen for temperatures below
165 MeV as the volume is increased above 163,

a volume dependence anticipated in earlier scal-
ing [8, 9] and model [10] studies. The two
higher curves show a large increase in χdisc in
the entire transition region for mπ = 135 MeV
and both 323 and 643 volumes. The ratio of
peak heights for the mπ = 135 and 200 MeV,
323 data is 2.1(0.2), which is consistent with
the ratio 1.86 predicted by universal O(4) scal-

ing ∼ m̃1/δ−1
l ∝ m−1.5854

π , only if the regular,
mass-independent part of χdisc is small.

This comparison of χdisc with universal O(4)
scaling neglects the connected part of the chi-
ral susceptibility. We find that the connected
chiral susceptibility has a mild dependence on
both the temperature and quark mass (as is ex-
pected if the δ screening mass remains non-zero
at Tc) and does not contribute to possible sin-
gular behavior of the chiral susceptibility.

Also shown in this figure are HISQ results
for Nt = 12 and a Goldstone pion mass of 161
MeV [7, 11]. If scaled to mπ = 135 MeV as-
suming this same m−1.5854

π behavior, the HISQ
value for χdisc is 50% smaller than that seen
here. This discrepancy reaffirms the importance
of an independent study of the order of the tran-
sition and calculation of Tc using chiral quarks.

0

10

20

30

40

120 130 140 150 160 170 180 190 200 210 220 230

χ
M
S

l,
d
is
c.
/T

2

T (MeV)

483 × 12,HISQ,ml = 0.05ms,mπ = 161MeV
163 × 8,mπ = 200MeV
243 × 8,mπ = 200MeV
323 × 8,mπ = 200MeV
323 × 8,mπ = 140MeV
643 × 8,mπ = 140MeV

FIG. 1. The dependence of the disconnected chiral
susceptibility on temperature for mπ = 135 and
200 MeV. The mπ = 135 MeV data shows a near
2× increase over that for mπ = 200 MeV. HISQ
results for mπ = 161 MeV [7, 11] are also plotted.

Scaling: 1.73 GeV (243) – 2.28 GeV (323)g ( ) ( )
(Chris Kelly)

Ratios of dimensionless combinations of physical 
quantities computed using 1/a = 1.73 and 2.28 GeV.

(36)LLNL    January 18, 2012



Lawrence Livermore National Laboratory LLNL-PRES-641426 
22 

§  The 1st study of the QCD phase transition with chirally symmetric 
lattice fermions and physical pion masses 

§  The transition is a crossover with Tχ = 155 (1) (8) MeV 
- similar to previous results using staggered fermions 

§  Anomalous U(1)A symmetry is thoroughly broken up to 
T ~ 185 MeV ~ 1.2 Tχ 

§  The disconnected chiral susceptibility peak doubles when Mπ is 
reduced from 200 to 135 MeV, in rough agreement with O(4) scaling 

§  Demanding calculations enabled by cutting edge algorithms 
(DSDR), software (CPS/BFM), and machines (LLNL BG/Q) 

Executive Summary 
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